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1 Introduction

The Narayana numbers were firstly studied by P.A. MacMahon [16]. The name is given in
honour to T.V. Narayana who later rediscovered them in [17].

Definition 1.1. Narayana numbers (N(n,k))nren, are defined by the following relations [15,
19, 20]:
N(0,k) = N(k,0) = 0o, (k € Np),

NWJC)Z%(Z) (kil)’ (n,k € N). (1)

Here 6;; denotes Kronecker delta function. The infinite matrix whose elements are Narayana
numbers looks like:

100 0 0 0
010 0 0 0
01 1 0 00

N— |01 3 1 0 0
01 6 6 1 0
01 10 20 10 1




That sequence is denoted by A001263 in the On-Line Encyclopedia of Integer Sequences [19].
The corresponding sequence of Narayana polynomials (a(n;r)), oy, is defined by

r) = Z N(n, k)r". (2)
k=0
Example 1.1. The first few members of the sequence of Narayana polynomials are:
a(0;r) = N(0,0) =1,
a(l;r) = N(1,0) + N(1,1)r =1,
a(2;7) = N(2,0) + N(2,1)r + N(2,2)r* = r 4 12,
a(3;7) = N(3,0) + N(3,1)r + N(3,2)r* + N(3,3)r® = r + 3r* + 1.

Narayana numbers and polynomials actuate a lot of attention due to their various combi-
natorial interpretations (see [1, 2, 20]).

Connection between Narayana numbers and lattice paths was studied by R.A. Sulanke in
[20]. Sulanke considered lattice paths in the plane Z x Z from (0,—1) to (n,n), and proved
that the number of such paths of length k& with step size from N x N, such that whole path
remain strictly above the line y = x — 1, is equal to N(n, k).

Furthermore, Branden considered Dyck paths, i.e. paths with the step size from the set
{(0,1),(1,0)} (i.e. in each step you can move up or forward by unit distance). It is proved that
the number of colored Dyck paths, such that each corner of this path is colored in one of the r
colors, is a(n;r).

Various of other interesting properties of Narayana numbers and polynomials can be found
n [2, 15, 20, 21]. Narayana polynomials are refining the famous Catalan sequence C,, i.e.
a(n; 1) = C, (see for example [15, 20]). Moreover, (a(n;2)), oy, i the sequence of large Schrider
numbers [1, 3].

In order to provide an easier evaluation of the Hankel transform of Narayana polynomials,
we introduce the sequences of modified Narayana numbers and polynomials.

Definition 1.2. The modified Narayana numbers (Ni(n,k))nren, are defined by the following
relations:
Ny(O.) = 0o, Nu(mi k) = (V[ " (neN; ke Ny)
1(0F) = oo, W=\ k kE+1 " ’ 0
The infinite matrix whose elements are members of the sequence of modified Narayana
numbers is given by:

10 0 000
10 0 000
11 0 000

N,=|13 1 000
16 6 1 00
110 20 10 1 0

The corresponding modified Narayana polynomials are

= z_:Nl(n, k)rk, (3)
k=0

while the first few terms of that sequence are given by:
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Example 1.2. The first few terms of modified Narayana polynomials are:

ai1(0;7) = N1(0,0) =1,

ar(1;7) = N1(1,0) + Nqi(1,1)r =1

a1(2;7) = Ni(2,0) + Ny(2,1)r + Ny(2,2)r* =1+ 7,

a1(3;7) = N1(3,0) + Ny (3, 1)r + N1 (3,2)r* + N1(3,3)r* = 1 + 3r + 12

The connections between Narayana numbers (polynomials) and modified Narayana numbers
(polynomials) are given by

Ni(n, k) = N(n,k+1); a(0;7) =a1(0;7) =1, a(nyr)=r-ai(n;r) meN). (4

Remark 1.1. The sequence (ai(n;7)), ey, reduces to the sequence of Catalan numbers for
r =1, and to little Schroder numbers for r = 2.

The rest of the paper is organized as follows. In the Section 2, we recall definition and
basic properties of Hankel transform. Also, we introduce the method based on orthogonal
polynomials for Hankel transform evaluation. That method is applied on the sequence of
Narayana polynomials, in two steps. Firstly, in Section 3, we evaluate Hankel transform of
the shifted Narayana polynomials. In continuation, in Section 4, we prove a few additional
properties of the Hankel transform which are used for deriving the final result, together with
the evaluation in the previous section. Section 5 provides the further results concerning the
Hankel transform evaluation of sums of two consecutive shifted Narayana polynomials.

2 Hankel transform and series reversion

An important transform on integer sequences that has been much studied recently is the Hankel
transform [5, 14, 18]:

Definition 2.1. The Hankel transform of a given sequence a = (a,) 18 the sequence of

neNg

Hankel determinants (hy), ey, where hy, = detla;y;o]i';—y, i.e
ao al PRI an
ai a2 (n+1
M :
a=(an)yey, = h=(hn)pen, :  hn=det | | y (5)
Qn, An1 Q2n

We denote Hankel transform by H and hence we write h = H(a).

Hankel transform was widely investigated in numerous papers. For example, the papers
[5, 18] deal with the Hankel transform of the sequences of the Catalan and adjusted Catalan
numbers. Both evaluations are done by using method based on orthogonal polynomials. From
the other side, evaluation of Hankel determinants with orthogonal polynomial entries is inves-
tigated by M.E.H. Ismail in [10]. Many other Hankel transform evaluations are given in the
papers [6, 7, 11, 22]. In this paper we also use method based on orthogonal polynomials, as
used in [5, 18].



Let (a,) be the moment sequence with respect to some measure dA. In other words, let

n€Ng

an:/x"d)\ (n=0,1,2,...) . (6)
R

Then the Hankel transform h = H(a) of the sequence a = (a,), ¢y, can be expressed by the
following relation known as Heilermann formula (for example, see Krattenthaler [12])

hy = ag ™ BB B 1B (7)
The sequences (a,),,cy, and (5),ey, are the coefficients in the recurrence relation
Qn-{—l(x) = (ZL’ - an)Qn<x> - 6nQn—1(x) ’ (8)

where (Qn(7)),cy, is the monic polynomial sequence, orthogonal with respect to the measure
dA. The following theorem and corollary provide the way how to explicitly find the measure
d\ with prescribed moment sequence.

Theorem 2.1. (Stieltjes-Perron inversion formula) [4, 13] Let (u,) is the sequence

neNp
such that all elements of its Hankel transform are non-negative. Denote by G(z) = Z::é 2"
the generating function of the sequence (i) and F(z) = 27'G(z7"). Also let the function
A(t) is defined by

n€eNg

1 t
MO = A0) = —5 lim | [F(a: Yiy) — Flr — iy)] d. 9)
Then holds i, = [ x™d), i.e. sequence (fin), ey, s the moment sequence of the measure A(t).

Corollary 2.2. Under the assumptions of the previous lemma, let additionally holds F(z) =
F(z). Then
1 t
At) = A0) = —= lim [ SF(z+dy)dx. (10)

™ y—0t+ Jj

We use Theorem 2.1 and Corollary 2.2 to determine weight function (measure) such that the
given sequence is moment sequence to that measure. After that, by applying weight function
transformations and using Heilermann formula (7), we provide closed-form expression for the
Hankel transform. In order to efficiently use Theorem 2.1 and Corollary 2.2, we need expression
for the weight function of our sequence.

At last, for our further discussion we need notion of series reversion (see [1]).

Definition 2.2. For a given function v = f(u) with the property f(0) = 0, the series reversion
is the sequence {sy}ren, such that

u:fil(v):30+81U+---+snv"—|—~-.,

where u = f~(v) is the inverse function of v = f(u).

3 The Hankel transform of the shifted Narayana poly-
nomials

Define the temporary sequence of shifted Narayana polynomials agn(n;r) = ai(n + 1;7r) =

r~ta(n;r). That sequence is introduced since it is the moment sequence with respect to the

absolutely continuous measure.



3.1 Evaluation of the weight function

Generating function Ag,(z;7) of the shifted Narayana polynomials can be expressed in terms
of series reversion. For more details, see [1].

Lemma 3.1. Denote by f(u) the following function

v = flu) =

u
L4+ (r+1u+ru*

(11)

Series reversion of f(u) satisfies

u=f1(v) = Zash(n; r)u™th (12)

Denote by Agy(x;r) the generating function of the sequence ag,(n;r), i.e.

“+o00

Asp(z;1) = Z asp(n;r)z” .

n=0
From Lemma 3.1, we have that Ag,(x;r) satisfies the following equation:

xAgp(x;7)
1+ (r+ DaAg(x;r) + ra?A2(z;r)

=X .

This equation has two solutions for Ag,(z;7), but only one satisfies the condition A, (0;r) =
asn(0;7) = 1. Hence, we obtain

1—(r+ 1z —/(1—(r+1)z)?—4ra? '

Asnli7) = 2ra?

Our next goal is to find weight function wgp,(x) whose moments are ag,(n;r), i.e.

asp(n;r) = /Rx"wsh(x)dx . (13)

Lemma 3.2. The weight function whose n-th moment is ag,(n;r) is

’wsh(x) = { %4_1)2 ;T E ((\/F - 1)27 (\/F+ 1)2)7 (]_4)

0 , otherwise .

Proof. The proof is based on Stieltjes-Perron inversion formula (Theorem 2.1). At first, let us
denote by F(z,r) the following function:

F(zr) =2 A (2757) _ ) —etemr -1 —dr

2rz
and with ¢ (x) the distribution function given by:
1 t
Y(z) —(0) = —= lim | SF(x+iy;r)da. (15)
T y—0t Jo

Consider the function F(z;r) in the half-plane {z € C: <z > 0}.
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The function

plzir) = V= —r — 1F —dr

has the branch points (y/r — 1)? and (y/r + 1)%2. We need to choose regular branch of square
root such that it is positive when the expression under the square root is positive.

By explicit evaluation, we get that the integral of F'(z;r) is
1
Flzr) = /F(z, rydz = 4—<z2 + (1 4+r—2)p(zr)—22(r+ 1)) +li(z;r) (16)
r
where
Li(zr)=In(=(r+1)+z+p(z7)) .
Now equation (15) becomes

(z) — $(0) = —= lim (Fz +iy;r) — Fli;r). (17)

T y—0+

Let us now find lim,_,o+ SF(z + iy; ). It is obvious that:

{ \/47,_(;6_70_1)2 ) ZEG((\/F—l)Q,(\/F—i—l)Q) )

0 , otherwise .

lim Sp(x + iy;r) =

y—0F

The function [/;(z;7) has one more branch point z = r + 1. We take a branch of [;(z;r) such
that imaginary part is 0 if the value under logarithm is real and positive. It holds:

T—(T—T— 2
7r+arctan% , e ((Vr—12%r+1),
1 2 IR = r—(z—r—
ylir(% Shiz+ayr) = arctan —4m_((r+1) D , re(r+1,(Vr+1)?),
0 , otherwise.

Including two previous results in F(z +iy; ) and using (17), we get required expression for the
weight function

walw) = 9(a) = Y ZE IR (o ()

2rr

Outside the segment [(/7 — 1)%, (/7 + 1)?], we have wg,(z) = 0. O

3.2 Evaluation of the coefficients of three-term recurrence relation

Denote by (th(x))neNO the sequence of monic polynomials, orthogonal with respect to the
weight function wgy, ().

Example 3.1. The first few members of the sequence (Qflh(:v)) are:

n€Np
i) =1 Qe =1,
AW =r-r+D), @it =
M) =2 = 20r+ Dz +r2 +r +1, Q3R = 2.



sh

In order to evaluate explicitly the coefficients (an

sh
! >nEN0 and (33 )neNO of three-term recur
rence relation

(@) = (@ — ag")Qy () — B Q1 (), (18)

we apply transformation formulas. These formulas connect the coefficients o and 35" of the
original and transformed weight function.

Lemma 3.3. Let w(x) and w(x) be weight functions and denote by (7, (7)), cn, @nd (Tn(T)),en,
corresponding orthogonal polynomials. Also denote by (an),en, > (Bn)nen, 974 (Qn) e » (B”)neNo
three-term relation coefficients corresponding to w(x) and w(x) respectively. The following

transformation formulas are valid:

(1) Ifw(z) = Cw(z) where C > 0 then holds a,, = oy, for n € Ny and By = C By, B = Bn for
n € N. Additionally holds 7,(x) = m,(x) for all n € Ny.

(2) If w(z) = w(ax + b) where a,b € R and a # 0 there holds &, = *»= for n € Ny and
Go="2 and B, = 5—’5 for n € N. Additionally holds 7, (x) = m,(az + b).

~ al
Proof. In both cases, we directly check the orthogonality of 7, (x) and obtain the coefficients
a, and 3, by putting 7,(z) in the three-term recurrence relation for 7, (z). O]

Lemma 3.4. The coefficients o and 3" (n € Ny) in the three-term recurrence relation (18)
are given by

Bh=1, Bl=r (neN) afy=r+1  (neNy).

Proof. The monic Chebyshev polynomials of the second kind

_ sin((n + 1) arccos x)

27 /1 — 22

are orthogonal with respect to the weight w"(z) = /1 — 22. The corresponding coefficients in
three-term relation are

(n>1), oV =0 (n>0).

n

Let us introduce new weight function w®(z) = \/4r — (z —r — 1)2. It satisfies w®(z) =
wM (az +b), where a = 1/(2y/7) and b = —(r + 1)/(24/7). Hence we get (see Lemma 3.3):

Béz) =avr, P =r (neN), o =r41 (neNy) .
Finally, since wy, () = w®(z)/(7/r), we conclude that 33" = B =rforn > 1 and
ash = o = r+ 1. Coefficient Bsh can be obtained by direct evaluation of the integral

sh = [ wa(x)de =1. O
Corollary 3.5. The squared norms of monic orthogonal polynomials Q,(x) have values

Q3 =" (n€No).

Proof. By using the statement of Lemma3.4 and formula (7), the conclusion follows. O



3.3 Proof of the main result

Denote by (hsn(n;7)),en, the Hankel transform of the sequence (asn(n;7)) Now using

Heilermann formula (7), we obtain:

neNp "

hon(n; ) = ag, (0;7)" H (6:) nH=t_ n Hrn-&-l—z _ (Y

i=1
This completes the proof of the main result of this section.

Theorem 3.6. The Hankel transform of the shifted Narayana polynomials (asp(n;r)) is

given by

n€eNy

hen(n;r) = (")

4 The Hankel transform of the Narayana and modified
Narayana polynomials

Denote by (h(n;7)), ey, and (hi(n;7)),cy,, Hankel transforms of the Narayana and modified

Narayana polynomials, i.e. (a(n;r)),cy, and (a1(n;7)),cn, -

From the relation
ay(n;r) = ag(n—1;r)  (n>1), (19)

we conclude that (a;(n;r)),>1 can be expressed as the moment sequence, in the following form

ai(n;r) = / z"w(x) de (n>1), where w(z)= wSh(x). (20)
R T

On the other side, there holds

/ wSh(m)dm =7~ % ay(0;7)

R T

Hence, we introduce the sequence (a(n;r)), cy, defined by

s rt , n=0

a(n;r) = { a(nir), n>1 (21)

which is the moment sequence for w(x). Following lemma shows the connection between Hankel

transforms of the sequences (a;(n;r)) and (a(n;r))

n€Np neNp*

Lemma 4.1. For the sequences (ax),cy, 0nd (Ak) ey, » Such that a, = ay for all k > 1, their

Hankel transforms (h

neNO and n) are related by

~

hn = iLn —+ (CL() — dO)hn—l (TL & No) s

where {ﬁn}neNO is the Hankel transform of the sequence {ax} given by ar = apro (k> 0) and
h_1=1.



Proof. By expanding the determinant h,, = det|a;+;_2]1<; j<n Over the first row, we get

hy, = Zale,k—H ) (22)
k=0

where M, j is the minor corresponding to the matrix element (1, k). Also, we can write h, in
the form

iln - CNLkMLkJrl . (23)

Note that the minors M ;1; and Ml,k:+1 are equal for every k € Ny. Hence, we have
hn — iLn = ((ZO — &O)Ml,L

But from the other side, M ; is the (n — 1)-th member of the Hankel transform of the sequence

{ag,as, ...}, i.e. it holds M, ; = det[a;4]1<i j<n—1 and we denote it by h, ;. O
and (a(n;r))

Applying Lemma 4.1 on the sequences (a;(n;r)) we obtain the fol-

lowing corollary.

n€Np neNg?

Corollary 4.2. If hi(n:r), h(n;r) and fl(n;r) are the Hankel transforms of the sequences
ar(n;r), a(n;r) and a(n;r) = a1 (n + 2;r) respectively, then holds

ha(n;r) = h(n;r) + (1—r71) hin—1;7) .

Now we have to evaluate the Hankel transform of the sequences (a(n; 7)), oy, and (@(n;r))

neNg*
4.1 The Hankel transform of (a(n;7)),cn,
Note that a(n;7) = ax(n + 1;7), ie. (a(n;7)),ey, is the shifted sequence of (asn(n;7)),cn, -
Hence (a(n;7)),cy, 15 the moment sequence of the weight function w(r) = rwe(z). The

following lemma connects the Hankel transform of the original and shifted sequence.

Lemma 4.3. Let w(z) be weight function and a, = [, a"w(z)dx its n-th moment. Denote by
w(z) = zw(z) and with (Qn(r)),en, Sequence of monic orthogonal polynomials corresponding
to weight w(w). Then the Hankel transforms (hy), oy, and (B”)neNo of the sequences (ay,)
and (an),cy, are related by

n€eNg

hn = hn<_1)n+1)\n+1 (n S No), (24)

where A\, = @,(0) (n € Ny).

Proof. The coefficients 3, and (3, satisfy (see [8] or [9]):

n 1>\n+1
N

Replacing in Heilermann formula (7), we obtain:

n+1

+
_ >\ hy, (Aodo\ A
h z 1 z+1 o hn o0w0 n—+2 ) 25
ﬁ 1;[ Hh <)\1G0 Ant1 ( )

>
>
:

IZI

-
Il
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By applying previous equation n times, we have:

}_Ln+1 _ @ (@)n-l-l (E)TH—I )\n+2 | (26)
hn+1 ho Qo >\1 )\1

Now, since hy = ag = a1, hg = ag and Ao = 1, we have

_ a n+2
st = hos (5=) Ao
100

Also note that A, = Q1(0) = —a;/ag, 50 hpy1 = (—1)" 2R, 1 Ay After decreasing index by 1
we finally get desired relation (24). Note that for n = 0 relation (24) trivially holds. O

By applying Lemma 4.3 on the sequences (asy(n;7)) and (a(n;r)) we evaluate

Hankel transform of (a(n;r))

n€Ng n€Ng’

neNg "

Corollary 4.4. The Hankel transform of the sequence (a(n;r)),cy, S given by

. n n+2 1
h(n;r) = P13 T2 (n € Np) .
r—1
Proof. Recall that, from Lemma 3.4 we have
g =1, Bh=r (neN) " =r4+1 (neNy).

Denote by A, = Q:"(0). Then holds
A1+ T+ DA +701 =0 (n €Ny, =1 M=—(r+1).

Previous equation has a unique solution A, = (—1)"(7"*! —1)/(r —1). Now we obtain required
formula for 2 (n;r) using hey(n;r) = (") (Theorem 3.6) and Lemma 4.3. O

4.2 The Hankel transform of (a(n;r))

neNy

Recall that (a(n;7)), oy, is defined as the moment sequence of w(z) = wgp(x) /2. The following
lemma is proved in [9] and establishes required transformation formulas in this case.

Lemma 4.5. [9] Consider the same notation as in the Lemma 3.3. Let the sequence (ry,)

s defined by

neNy

T =— / w(z) dr, Tn=0C— Qy — a (n € Ny). (27)
R Tn—1
If w(z) = 1;’@ where ¢ < inf supp(w) there holds
Qp = Qg + T, Qp, = Oy + Ty — T,
: R (28)
Bo = —r_1, B = 571,717, - (n €N).
n—2

Now we are ready to evaluate the Hankel transform of the sequence (a(n;7)), o, -

10



Lemma 4.6. The coefficients 3, are given by

2 n—1, 1> 1;
ﬂn:: { 5711

r—, n=0.

The Hankel transform (ﬁ(w 7")) of the sequence (a(n;r)), e, 18 given by

n€eNp

h(n;r) = r(2)-1

Proof. We apply Lemma 4.5. The coefficients Bn are given by Bn = [h 1:::;, where sequence
(Tn)pen, 18 determined by following recurrence relation:
sh
= —at — S , T_1=—ag . (29)
Tn—1
After exchanging o2 and 33" from Lemma 3.4, we have
r
rn+r+1+ =0 (n>1), ro=—1, r_1=-—r". (30)
Tn—1
It can be proven by mathematical induction that r, = —1 for all n > 1. Hence
~ T ~ T ~ wgp (1 _
ﬁn: Zh_l 1:T (’I’L>1), ﬁlz Sh_ozra 50:/ h( )dl‘:frl‘
T'n—2 r—1 R T

Now, the Hankel transform is:

T o = = 1 n n
h(n;r) = &g-f—lﬁizﬁg—l . Z—lﬁn = rnJrlr( ;1) — r(z)—l O

4.3 Proof of the main result

From the previous facts, we can formulate and prove the main statement od this section.

Theorem 4.7. The Hankel transform (hy(n;7)),, oy, of the sequence of modified Narayana poly-

nomials (ay(n;7)),cn, given by
n+1)

hi(n;r) = ("3 (31)

Proof. From Corollary 4.2 we have:

),r,nJrl -1

hi(n;r) = h(nyr) + (1 —r ) h(n— L;r) = ("3 4 (1—r71) r(s —1

r 1T(2>T 1 = r(2)+n = r( 31),[]
T r—1

The evaluation of the Hankel transform of the sequence of Narayana polynomials (a(n;7)),,cy,
now goes straightforward.

Theorem 4.8. The Hankel transform (h(n;r)),cn, of the sequence of Narayana polynomials

(@(n;7)) pen, given by
n+1)

h(n;r) = r("3 (32)

Proof. Notice that a(n;r) = ra(n;r) for any n > 0. Therefore it can be easily concluded that
the Hankel transform of Narayana polynomials (a(n;7)),, oy, is given by

n+1

h(n;r) = r"h(n;r) = P& = (7)o (33)

11



4.4 Special cases

Now let us recall few special cases mentioned in the first section:

Example 4.1. In the case r = 1 we confirm known result that Hankel transform of the Catalan
sequence C, = ai(n;1) = a(n;1). After exchanging r = 1 in (32) we can easily establish well-
known result ([19] for example):

hi(n;1) =h(n;1) =1 (n € Np).

Example 4.2. Recall also that in the case r = 2, we have that (a;(n;2)),,cy, is the sequence of
little Schroder numbers (1,1, 3,11, 45,197,903, 4279, ...). Again, by exchanging r = 2 in (32)
we have the following result:

n+1

hi(n; 2) = 2("7) (n € Np).

Example 4.3. Numbers (a(n;2)), oy, are large Schréder numbers: (1,2, 6,22,90,394,...). By
exchanging r = 2 in (33) we also obtain the following well-known result [3]:

h(n;2) = 2("3") (n € Np).

5 The Hankel transform of the sums of two consecutive
shifted Narayana polynomials
In this section we find the closed-form expression for the Hankel transform of sequence s(n;r) =

asp(n;r) + agp(n + 1;7). This result is similar to the one derived in [18]. It is clear that the
elements of the sequence s(n;r) are the moments corresponding to the weight function:

) = (@4 V() = {(xﬂ) TETTE e (V- DA DY) |

0, otherwise .

To find the Hankel transform of the sequence (s(n;7)),cy,, We need to construct orthogonal
polynomials (Q,(2)),,cy, corresponding to the weight w,(z) and to obtain the closed form of

the coefficients of three-terms recurrence relation satisfied by these polynomials.

Lemma 5.1. The coefficients oy, and 3;, in three-term relation satisfied by (Q;(7)),cy, are:
PN 1 e PN T et ALY
n (tglJrl _ t?+1)2 ’ n thrl _ t?Jrl t;L+2 _ t?+2

where t1 9 = # V2t ond By =r+2.

Proof. By introducing a new weight function wy(x) = (x+1)wg,(x) we can derive the coefficients
o, and [ by using following relations:

HUn = Qn(_l) 5
s Hn+1 sh Mn

ol =—1- - ,
" e (35)
s sh Mn—1Hn41

B = ﬁ"hu—2+ )

12



To obtain values p, = Q,(—1), let us rewrite three-term recurrence relation for polynomials
Qn(z) and take x = —1:
Hnt1 + (T‘ + Q)Mn +rip—1=0. (36)
Trivially we have: p—; = 0 and uo = 1. Relation (36), together with the stated initial conditions
is second order difference equation with constant coefficients. Hence, the solution of (36) is
given by it _ g
2 1
S
By replacing (37) in (35), we finally obtain expressions (34). O

(37)

Now we are ready to apply Heilermann formula and to prove the main result of this section:
hs(nir) = hs(n — L) - s(0;r) B, ... 57

Hn+1fn—1  Hnfn—2 M2 o
= hs(n —1;7) - s(0;7) " ... g5k :
' 12 T 13

hsn(n;7) Pt s(0; 7)o

(n ") hsp(n —1;7)  pn  asp(0; 1)y

By successive application of the previous equation we obtain

he(n;r) = hg(0;7) - hon(n51)  pntr ( s(0;7) g )" |

hsh<0; T‘) H1 ash(o; T),ul
wherefrom .
S(O;T)Mo )n
he(n;r) = hg,(n; 1) g1 - | ———— ) 38
(rir) = i) e - (SR )

Now by replacing;:

hs(0;r) = s(0;7) = asn(0;7) + as(l;7) = 7+ 2, p =t + 12 =—(r+2), po =1,
and using formulas (32) and (37), we obtain:
g2 g2

to — 1t

Including the values for ¢; » from Lemma 5.1, we complete the proof of the theorem:

ha(i ) = (=112

Theorem 5.2. The Hankel transform of the sequence (s(n;7)), ey, 18
('3

hs(n;r) = 2n+2\/m

{(r +24 m)”” ~(r+2- \/W)M] .

The following lemma generalizes above approach and can be proven analogously as Theorem
5.2.

Lemma 5.3. Let w(x) be weight function and a, = [px"w(x)dx its moments. Denote by
(Qn(T)),en, the sequence of orthogonal polynomials with respect to the weight w(x). Also denote
by (hn)pen, and (h;,) e, Hankel transforms of the sequences (an),cy, and (an + Cani1),en, -
The following relation is true:

Cagy + ozl)"Jrl (39)

iy = hnpinia (
Qo1

where p, = Qn(—C).

13



Especially, for shifted Narayana polynomials ag,(n;r), we find the Hankel transform of

s(n;r, C) = asn(n;r) + Cag(n + 1;7) using the formula (39). Sequence (jn),,cy, satisfies the
following linear difference equation:

g1+ (1 + 14+ C) iy + 11 = 0,

with the initial conditions ug = 1 and p_; = 0. Solution of last equation has also the form
(37), where coefficients ¢; and t are given by

—r—1-Cx\/(r+1+C)2—4r
5 :

l1o =

Also, it holds p; = —agp(0;7) — Csagp(1;7) implying:

r("3)

hs(n;r,C) =
( ) 2042 /(r + 1+ C)% — 4r

X <(7’+1—|—C+\/(7“—|—1+C)2—47“>n+2—<r+1—|—C’—\/(r+1—|—C)2—47">n+2).
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