The Sobolev orthogonal polynomials in
computing of the Hankel determinants
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Abstract. In this paper, we study closed form evaluation for some special Hankel determi-
nants arising in combinatorial analysis, especially, for the bidirectional number sequences.
We show that such problems are directly connected with the theory of quasi-definite discrete
Sobolev orthogonal polynomials. It opens a lot of procedural dilemmas which we will try
to exceed. A few examples deal with Fibonacci numbers and power sequences will illustrate
our considerations. We believe that our usage of orthogonality on Sobolev spaces is quite
new.
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1 Introduction

The Hankel transform of a given number sequence A is the sequence of Hankel determinants
H given by
A= {CLN}RENO - H= {hn}nEN : hn - |ai+j—2|2j:1-

The closed-form computation of Hankel determinants are of great combinatorial interest
related to partitions and permutations. A lot of methods is known for evaluation of these
determinants a long list of known determinant evaluations can be seen in [11]. A few papers
deal with special number sequences and their Hankel determinants [6] and [7].

Between the methods for evaluating the Hankel determinants, our attention occupies the
method based on the theory of distributions and orthogonal polynomials. We have published
our considerations about them in the papers [9], [13] and [4].

Namely, the Hankel determinant h,, of the sequence {a,}, oy, equals

hn = a’gﬂ?il 372 T 27267%1 (n =12,.. ) ) (1>
where the sequence {ﬁ”}neNo is the sequence of the coefficients in the recurrence relation
Poii(z) = (x — ap) Po(x) — B Pra(z) P,=0, FB=1 (2)

Here, {P,(z)} is the monic polynomial sequence orthogonal with respect to the inner

product

n€Np

(f, 9) = U[f(x)g(x)],



where U : P — R (P is a space of one-variable polynomials with real coefficients) is a linear
real quasi-definite functional determined by

a, =U[z"] (n=0,1,2,...).

In some cases, there exists weight function w(x) such that the functional U can be represented
by

Z/l[f]:/f(x) w(z) dz (f€P; w(x)>0) .
R
So, we can join to every weight w(z) two sequences of coefficients, i.e.

UJ(ZL') — {ana ﬁn}nENo7

by
o, = Uz P} (x)] g, - U[P? ()]

U ()] UIP; 1 (z)]

The statements of the next lemma are very useful (see proofs, for example, in [10]).

(HGN()) .

Lemma 1. Let w(z) be a weight function with the support supp(w) = (a,b) and {ca,, Bnltnen,
the corresponding sequences of coefficients in monic three-term recurrence relation. Also, let
w(z) be a modified weight and {&,, Bn}nen, its sequences of coefficients. It is valid:

(i) if i(z) = crw(r) = aw=0an Bo=c1fo, Bu=Pn (n€N)

(i) if w(x) = w(crz + dy) then

- on —dp 5 ﬁo > @z ~ a—d; b—d;
Op = ) 60 = 1. 571 = 3 (TL € N)v Supp(w) = < ) )7
1 |1 | i c 1
(iii) if W, () = (v — 1) w(x) such that ¢, < a < b then
C’icl,O =Qyp+1r1—"To 5 dcl,n = Op41 + T'n+1 — Tn,
~ ~ /r'n
501,0 = _r0ﬁ07 501,n - ﬁn r (n S N) 5
n—1
where 5
ro =1 — Qg Tnpl =€ — Oy — 2% (n € Ny);

(iv) if Wy, (x) = (dy — x) w(x) such that a < b < dy then
64d1,n = dl + dn+1 + En+1 (n € N0)> Bch,O = /wch (iL‘) d$7 Bdl,n = {n+1€n (n € N) )
R

where €0 = 07 Gn = Qp—1 — €p—1 — d17 €n = ﬁn/%b (n € N)7



(v) if

w(z)

11161(55):3:_61 (c1<a<b),
then 3 3
Qe 0 = Qo + 79 5 Qeym = Oy +r, — Tn—1,
~ ~ Tn—1
601,0 = T, 501,71 = 571—1 = (TL € N) )
T'n—2
where 5
r_lz—/wcl(x) dz, Tp=c —a,— —— (néeNy);
R Tn—1
(vi) if
_ w(x)
Wy, (T a<b<d
n(@) = 7 ).
then 3 3
ag,0 = Qo + 1o 5 Agyn = QOp +r, — Tn—1,
~ ~ Tn—1
Baro =71, Bavn = Bn- - (neN),
T'n—2
where 5
r_y :/wdl(x) dx, ry=d —a, — —— (neNp).
R T'n—1

Corollary 2. The coefficients in three term recurrence relation for polynomials orthogonal
with respect to the inner product defined by

1 2—x
w(2)(x):§-\/2+x, x € (—2,2),

off =1, o =0; P =m  BP=1 (neN) (3)

are given by

Proof. Let us start with the monic orthogonal polynomials {V;,(x)}, ¢y, With respect to the

1—
w'(e) =p @) =\ we (=L,

These polynomials are monic Chebyshev polynomials of the fourth kind and they can be
expressed (see Szego [14]) by

sin(n + 3)0

2" sin %9

Va(cos ) =
They satisfy the three-term recurrence relation (see, for example [8]):

Viri(z) = (x — o) V() = BiVea(x) (n=0,1,...),

with initial values V_;(x) = 0, Vo(x) = 1, where



Let

By Lemma 1, case (ii), we have
o) =207 =0 (neNo), G =28=m  BV=45=1 (neN)

At last, considering the weight

1
w®(z) =2 - wh(2), 2€(-22)
by Lemma 1, case (i), we find coefficients (3). O

2 The quasi-definite case of
discrete Sobolev inner product

Until now, orthogonality on Sobolev spaces was considered because of the spectral theory of
ordinary and partial differential equations and the numerical methods for their solving, and
expansions of the functions in the special Fourier series (see [1], [2] and [12]).

We consider polynomial sequence orthogonal with respect to a discrete Sobolev inner
product, that is, an ordinary inner product on the real line plus an atomic inner product. So
introduced Sobolev orthogonal polynomials we research starting with its classical counterpart
including the influence of the addition of function value in a special point.

According to our knowledge, it was not noted their application in the computing of any
Hankel determinant.

Let (-,-) be a positive definite inner product and {P,(z)},y, the corresponding monic
orthogonal polynomial sequence which satisfies three-term recurrence relation (2).

The sequence of monic polynomials {Q,(7)},cy, orthogonal with respect to the discrete
Sobolev inner product

(f; 9) = A(f, 9) + Bf(c)glc) (A, B,ceR), (4)

is quite determined by {P,(7)}, oy, and constants A, B and c. If we take B = 0 we get
standard continuous case, while taking A = 0 we get discrete case. F. Marcellan and A.
Ronveaux in [12] researched the case A =1 and B = 1/A > 0, where A is a parameter. In
the present paper, we let A and B to be any real numbers which assure existence of the
sequence of Sobolev orthogonal polynomials {Qn(7)},cy, -

Since {Py(x) }o<k<n is a basis in the subspace P, of all polynomials whose degree do not
exceed n, we can write

n—

- < (Qu. P)
Qn(z) = Pu(r) + > ij(x) :

<



Based on the orthogonality, we can write

0= <Qm P]> = A<Qm PJ) + BQH(C)P3<0)7

wherefrom

By introducing the kernel

" p )P,
Kalo) =2, .

we can write B
Qn(2) = Pu(z) — - @ule) Koz, 0) . (5)
Putting « = ¢ in the previous relation, we get
Que) = Pul©) = QuOKrr(c) = Q) = T s
By applying (5), for n and n + 1, after some computation, we have
Qn(r) Quir(z)| _ A Po(x)  Pri(x)
Qn(c) Quii(c)| A+ BK, 1(c,c) |Pu(c) Pusa(c)

Also, multiplying (5) with (z — ¢) and using three-term recurrence relation for {P,(x)}
we yield

neNg?’

(z = €)Qn(x) = Poy1(x) + (n — ¢ = ppPr1(¢)) Po(@) + puPolc) Poa ()

where

B P.(c)
(Pn—la Pn—l) A + BKn—l(Ca C)
Directly from the orthogonality in discrete Sobolev space it follows

(x - C)Qn(‘r) = Qn—l—l(w) + en,nQn(x) + en,n—lQn—l("E)v (6)

where e, , and e, ,_ are some real constants.

Pn = (n € N).

Theorem 3. The polynomial sequence {Qn(z)}, oy, 0rthogonal with respect to the discrete
Sobolev inner product (4) satisfy three-term recurrence relation of the form:

Qnii(z) = (x — 0,)Qn(x) — 7,Qn_1(z) (n €N), Q1=0, Qy=1, (7)
where
Op = Qp + pn+lpn(c) - pnPnfl(C)a
_ PnPn(c) + B
" pae1Paci(e) + B

(n € N).

Here 19 = (1, 1).

Proof. The recurrence relation (6) can be rearranged in the form (7). By multiplying it with
(z — ¢) and applying (5), from linear independence of the sequence {P,(z)},cy, we find o,
and 7,. O



3 The Hankel determinants of
a special integer sequence

We are interested in investigating sequences that are defined as the image of bidirectional
sequences. Such sequences have been studied, for instance, by Basor and Ehrhardt [5]. They
arise naturally in the Fourier analysis of signals and systems. The authors in are interested in
deriving asymptotic behavior of the Hankel determinants which are important in statistical
mechanics, random matrix theory and the theory of orthogonal polynomials.

3.1 The Fibonacci case
Let .
n
by = Z (k) (An—2k41 + An—2r), where a, = Fj,. (8)

k=0
Here F), is |n|-th Fibonacci number:

F0:07 Flzly Fn+1:Fn+anl (nEN)

The first members of {b,}, .y, are {1,3,7,17,39,...}. P. Barry and A. Hennessy in [3] have

proved that the generating function of the sequence {bn}neNo is

o0

S pan = LH 2

n=0

Lemma 4. The sequence {b,}, .y, satisfies the next recurrence relation

n— (n—2)1
2( 1)/2m , nh— Odd7
by — bz = (10)
on/2 (21/2 3)1';,, n — even.

Proof. Directly from the expression (9), we have

o0

S (b — byt = T2 2y (‘1/ 2) (—d)ng2n

n=2 ~1—45E2 n=0 n
G _1/2 1 2 1 C 1/2 1,.2
:E 4n n— 2§ n n
— (n—l)( * vt n—1 .
[e's) [e's)
1(2n —3) (2n =31 ,
= 2T 2N
> <n_1 DY <n_1
n=2 n=1

Lemma 5. The next moment representation is valid

bn:—l/2 - 2+Idx+(1+§)c” (c:\/5>(neN). (11)

) o2 —ax2\2—x




Proof. Let us denote by B, the right side of (11). Then

1 (% a"—ba"? [2 2
Bn—5Bn_2:——/ v x +xal:zH— L+ 2) (" =572,
) g & —a? 2—ux c

wherefrom , )
1 2 22n=1P(n —1/2
BQn - ‘53271*2 - _/ x2n72 — dv = (n / ) )
T J s V2-—2 V7l(n)

1 /[ /2 + T 22”F —1/2
BQn—l - 5B2n—3 — _/ / ) .
T J - x - /al(n)

It proves that both sequences {B,}, oy, and {bn}neNo satisfies the same recurrence relation
(10). To prove that B, = b, for every n € Ny, we just need to show that initial terms By
and by are equal. That can be done by direct evaluation of both terms:

1 /2 1 /2 2
BOZ——/ B) 5 +xdl‘+<1+—):1:b0
m) gt —ax*\2—x c

That completes the proof of the lemma. O

and

Note that (11) is the moment sequence corresponding to the special case of discrete
Sobolev inner product (4) for A= —1and B=1+ \%:

9 =—(f 9) + (1+ %) fOg(e)  (AB.ceR) (12)
with )
g) = / f@g(u(z) dr (13)
where

w(:c)zﬁ(g)iﬁ)ﬂ/;ti, € (—2,2), (14)

Our goal is to evaluate corresponding coefficients 7,, which will lead to the expression for the
Hankel transform of the sequence b,. Evaluation will be performed in two steps. The first
step is to find expressions for the coefficients o, and (3, corresponding to the weight function
w(z) (i.e. the absolute continuous part (-,-) of (12)). It is done in the following lemma.

Lemma 6. The coefficients oy, and (3, of the three-term recurrence relation, corresponding
to the weight function (14), are given by:

5—-+5 f 3

, Q= a, = 0;

3\/’—5
2

(15)



Proof. We will continue the considerations started in Corollary 2. Let

(2)
(3) _w (2)
w(x) = , r e (—2,2).
@ =2 se(2)
Applying Lemma, 1 (vi), for d; = /5, we have r_; = 7(1++/5)/2, r, = (v5—1)/2 (k € Ny).
Hence

1 )
o) — +2\/_’ a®

3=V e

=0(meN); 57 =50+V5), 57 =

Similarly, let
3
D(g) = M7
z—(—V5)
According to Lemma 1 (v), for ¢; = —+/5, we have r_; = —7r/\/5, ro = 2—+05, 1, =
(1 —-+/5)/2 (k € N). Hence

@w_ 5=V5  w_ VE=3

r € (—2,2).

w'

Qy " = 2 ) Q= 2 ) Qp’ = O’
3vH—5
G~ T g WVSShsw a3 )

75

Finally the last transformation

directly implies (15). O

Lemma 7. The coefficients {1} of the three-term recurrence relation, satisfied by Sobolev
orthogonal polynomials {Qn ()}, ey, orthogonal with respect to (12), are given by:

=1 n=-2 71,=1 (n>2).

Proof. Denote by {P,(7)},cy, the sequence of monic orthogonal polynomials with respect
to the weight function w(z) (i.e. absolute continuous scalar product (13)). Their squared
norms are

2
(Py, Py) = —, (Pu, P))=fuBn1...50=3-+V5 (neN).
V5
By mathematical induction, we can prove that the polynomials {P,(z)},cy, at the point
¢ = /b have the following values:

P()(C) = 1, Pl(C> = ?)\/_T_E) , PH(C) = (5-2\/5) <1+2\/5> (n: 2,3,) .



Let us denote by K,, = K, (c,c) (n € Ny) . Here, it is

NG 3

Koy=—-, K =5(5-
0 27 1 4(5 \/5)7
2n
5+1 14++5

Kn:\/_; 14\/5—30+5(3f—7)( +2f> (n=2,3,...),
and

145 15+7v5 (VE-1Y)" 1+V5
p=—5— = 5 B =—5— (n=23,...

Hence 7, =1 (n € N; n>2) . It is known that 70 = by = 1. The first members are

Qo(z) =1, Qi(z)=2-3, Qz)= ot =2 —1= (z +1)Q1(x) — (=2)Qo(2),

wherefrom 7 = —2.

Now, we have all elements for formula (1) and we can compute h,, by

n_n—1_n—2 2
hy =19 T3 T T oTnot -

That completes the proof of the following theorem:

Theorem 8. The Hankel transform of {b,}
(n € N).

n€eNg

3.2 A power case
Let

" /n
b, = Z (k) (@p—ok+1 + Gn_ox), where a, = rlnl (r>1).
k=0

The sequence {b,} has the next generating function (see [3])

n€eNg

. n r+1 r+1 (r—1)(z+1/2)
2 e (e )

Lemma 9. The sequence {bn}neNo satisfies the following recurrence relation

v e
. 2 2 e - 1 odd,
_ (bn - bnl) - (n€N).
-1 r n/21 (=)
2 IR n — even,

defined by (8) is given by h, = (=2)"!

(16)

(17)



Lemma 10. The next moment representation is valid

—(r2=1) (2 2 [2 1)2 211
b, = = >/ A T Gl ot S (R e o e e T
27r oCc—x\ 2—2x r r

Proof. We proceed similarly as in Lemma 5. Let us denote by B, the right-hand side of
(18). Hence,

_ 2_1 2 n n—1 2 12
B — B, — (7" )/ " —cx / +xdm—|—< T+ )(c"—c-c”_l)
9y C— r
—1) 2 2_1) [t V1—1t2
_ / L 2T g )/ g1 dt.

(r2—=1)T'(m+1/2)
o m! T m!

That proves that sequences { By}, oy, and {b,},, oy, satisfies the same recurrent relation (17).
To prove that B, = b, for every n € Ny, we just need to show that initial terms By and by
are equal, which again can be done by direct evaluation:

/2 1)
BO / +l‘ T+ —1"—7":[)0.
9 C—T —x

That completes the proof of the lemma. n

which implies

(r* —=1)T'(m + 1/2)‘

2m 2m—1
Bopy1 — cBay, = 2 ; By, — cBoy1 = 2

Therefore, for the further consideration, the important weight function is given by

r2—1

-1 1 2
w(?’)(m):T +x

w(z) = r ar 20c—x)\2—1x’

S (_27 2)7 (19)
Lemma 11. The coefficients o, and (3, of the three-term recurrence relation, corresponding
to the weight function (19), are given by:

ap = . o, =0 (neN); Bo = . P=
T T T

Proof. Let

 Bu=1 (n>2). (20)

w® (z) = w@)(x)7 r € (—2,2).

C—X

Applying Lemma 1 (vi), for dy = ¢ = (r*+1)/r, wehaver_; = 7/(r—1), r, = 1/r (k € Np).
Hence

+1 —1
a(()g):r—v O{S’):O(TLEN), (()B)Zrilaﬁf’):%v 67(7,3):1 (7122,3,)

Finally, for

we get (20). O

10



Theorem 12. Let a, = r"!, and {bn}nen, sequence determined by (16). Then the Hankel

transform of {bn}, ey, 5 given by hy, = (r+1)(1 —r*)"~" (n € N).

Proof. The squared norms of polynomials orthogonal polynomials with respect to (19) are

r—+1 r?—1
(P07 PO): r ) (PTIJ Pn):ﬁnﬁn—lﬁoz )

r
By mathematical induction, we prove that these polynomials have the following values in
the point c:

(neN) .

Py(c) =1, P.(c) = (r — 1)r"* (neN) .
Now, it is valid
r(r¥mtt 4 1)
(r+1)2

Notice that p, P,(c) =7r*—=1 (n > 2). Now, itis 7, = 1 (n > 2).
The first few members of the sequence {Q,(z)} are:

K.(c,c) = (m € Np), pn=(r+Dr" (n>1).

n€Ng
Qozl, Q1:$—T—1, QQ:$2—(T+1)$+T—1:LEQl—(l—T’)Qo.
Hence 9 = by = r+ 1, 711 = 1 — r. The Hankel transform of the sequence b, defined by
(16) is
hp =10 by 22 = (r+ )1 — )"t

n

Example 13. Let r = 2. Then a,, = 2I"l and

b, — Z <Z) (2|n—2k+1| i 2|n—2k|)

k=0

which begins with
3,9, 24, 63, 162, 414, 1050, 2655, ...

and has the generating function

= n 3(2 =3z — 2%c(2?)) 114z
;bn@)w = A= 2002 —57) where ¢(z) —

We have the following moment representation

1/2 L 3V4A—a? 9(5)”.

o ), e —n a2

bn

Hence 0 =3, 1 = —1, 7, =1 (n € N; n > 2). The Hankel transform of the sequence b,
is

ho =3"(-1)"1  (n=1,2,...).

Acknowledgements. We are very thankful to unknown referee for careful reading and
useful suggestions.

This research was supported by the Ministry of Science & Technology of Serbia, the
projects No. 174011 and 174013.

11



References

1]

[11]

[12]

[13]

[14]

M. Alfaro, J.J. Moreno-Balcazar, A. Penia, M.L. Rezola, A new approach to the asymp-
totics of Sobolev type orthogonal polynomials, Journal of Approximation Theory 163
(2011) 460-480.

R. Barrio, B. Melendo, S. Serrano Generation and evaluation of orthogonal polyno-
mials in discrete Sobolevspaces I: algorithms, Journal of Computational and Applied
Mathematics 181 (2005) 280298

P. Barry, A. Hennessy, Riordan arrays and the LDU decomposition of symmet-
ric Toeplitz plus Hankel matrices, ArXiv: 1101.2605v1[math.CO] 13. Jan 2011.
(http://arxiv.org/abs/1101.2605v1)

P. Barry, P.M. Rajkovi¢, M.D. Petkovi¢, An Application of Sobolev Orthogonal Polyno-
maals to the Computation of a Special Hankel Determinant, Springer Optimization and
Its Applications 42 (2010) 1-8.

E.L.Basor, T. Ehrhardt, Some identities for determinants of structured matrices, Linear
Algebra and its Applications, 343-344 (2002), 5-19.

R.A. Brualdi, S. Kirkland, Aztec diamonds and digraphs, and Hankel determinants of
Schrder numbers, Journal of Combinatorial Theory, Series B 94 (2005) 334-351.

N.T. Cameron, A.C.M. Yip, Hankel determinants of sums of consecutive Motzkin num-
bers, Linear Algebra and its Applications 434 (2011) 712-722.

T. S. Chihara, An Introduction to Orthogonal Polynomials, Gordon and Breach, New
York, 1978.

A. Cvetkovi¢, P. Rajkovi¢ and M. Ivkovié¢, Catalan Numbers, the Hankel Transform and
Fibonacci Numbers, Journal of Integer Sequences 5 (2002) Article 02.1.3.

W. Gautschi, Orthogonal Polynomials: Computation and Approximation, Clarendon
Press - Oxford, 2003.

C. Krattenthaler, Advanced determinant calculus: A complement, Linear Algebra and
its Applications 411 (2005) 68-166.

F. Marcellan, A. Ronveaux, On a class of polynomials orthogonal with respect to a
discrete Sobolev inner product, Indag. Mathem., N.S. 1 (1990) 451-464.

P.M. Rajkovi¢, M.D. Petkovi¢, P. Barry The Hankel Transform of the Sum of Consec-
utive Generalized Catalan Numbers, Integral Transforms and Special Functions, 18 No.
4 (2007) 285-296.

G. Szegd, Orthogonal Polynomials, AMS, 4th. ed., Vol. 23 (Colloquium publications),
1975.

12



